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integration. Thirty-two second-year mathematics majors

participated in four weekly sessions that blended manual
Keywords: problem solving with computational checking. Students
g;i‘;f;”;f;’;;ggé’;%nl: y;:?:ém ion worked in six small groups with defined rqles (problem
solver, coder, recorder, presenter), engaged in real-world
tasks (e.g., economic growth, fluid flow, and motion
analysis), kept reflective journals, and delivered group
presentations evaluated with an analytic rubric. Data
sources comprised observations, journals, and presentation
assessments. Thematic analysis indicates improved
participation, clearer conceptual linking between algebraic manipulation and integral
calculus, and more systematic error-checking when Python was used to validate manual
work. Groups demonstrating stronger within-group communication tended to employ
Python more effectively and reached higher rubric scores. The study discusses practical
design choices for CL tasks that combine traditional and computational approaches, and
reflects on limitations such as heterogeneous prior programming experience and the
absence of pre-post achievement testing. Implications for practice include structuring
explicit roles, scaffolding Python early, and aligning tasks with students” backgrounds.
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INTRODUCTION

Collaborative learning (CL) has revolutionized education, especially in subjects like
mathematics that require theoretical and practical understanding. CL, based on social
constructivism, emphasizes student interaction in groups. In these environments, students
solve problems, share knowledge, and get to know each other. This educational style
encourages peer relationships and knowledge collectives, unlike the traditional,

individual-centered approach, according to Callo and Ubayubay (2024). CL provides a
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systematic framework for simplifying mathematical procedures like partial fraction
decomposition and integration. Students can solve problems more creatively and
effectively. This strategy improves academic performance and develops critical thinking,
communication, and teamwork, which are useful in real life, according to Putri et al.
(2024). Partial fraction decomposition simplifies complex rational functions into simpler
fractions, facilitating faster integration (Zhu & Luo, 2023). Widely applied in physics,
engineering, and economics, it connects mathematics to real-world contexts such as fluid
dynamics and financial modelling. These problems make abstract concepts more
engaging for students. Building on prior research showing that collaborative learning
(CL) enhances problem-solving (Li et al., 2023), this study integrates Python to further
improve learning outcomes. Unlike traditional methods that separate manual and
computational work, combining CL with Python helps students link theory and practice
through symbolic computation and iterative feedback (Zhang, 2019; Hsu et al., 2018).

CL helps students develop vital interpersonal skills, which is an essential benefit.
confidence Jahara and Daulay (2023) found that collaborative students improve self-
confidence, communication, and cooperation. Collaborative problem-solving helps
students break down tasks, allocate roles, and overcome hurdles, reflecting real-world
interdisciplinary collaboration (He et al., 2023).

When combined with technology, CL exercises allow students to explore Python
while improving their technical and analytical skills. Python's partial fraction
decomposition and symbolic integration tools allow students to verify manual
computations, and enhance their methods (Kamalov et al., 2023). This helps students learn
theory and gain computational skills. Due to its dual benefits of improved collaboration
and math skills, CL is effective in tackling the complexity of current education.

Reflective techniques enhance CL's impact on learning outcomes. Reflective
activities help individuals and groups thrive (Rania et al., 2021). These tasks help students
evaluate their performance and discover comprehension gaps. After solving difficulties
together, students can review their approaches to learn why some worked and how to
improve others. This cyclical method helps students develop lifelong learning and
problem-solving skills, increasing self-awareness and adaptability. The combination of
reflective techniques and computational technologies allows students to obtain instant
feedback on their efforts and guarantees that theoretical knowledge is applied (de
Oliveira Santos, 2018). This study extends prior work by applying a collaborative learning

(CL) approach to teaching partial fraction decomposition through both manual and
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computational methods. Integrating Python into group problem-solving, it examines how
CL enhances students’” mathematical understanding, collaboration, and problem-solving
skills. The findings aim to inform mathematics education by demonstrating how modern
instructional strategies prepare students for complex interdisciplinary challenges. While
prior studies support CL and computational tools, few have explored their combined
impact on conceptual understanding and teamwork. For instance, prior studies
emphasized programming skills or computational thinking without linking them to
mathematical reasoning (Zhang, 2019; Hsu et al., 2018; Li et al.,, 2023; Boye, 2019).
Furthermore, few studies have explored students’ reflective engagement and
communication processes when using Python as a learning scaffold in calculus contexts.
This study fills these gaps by investigating how the integration of Python (SymPy) within
a collaborative learning framework can simultaneously foster conceptual understanding,

teamwork, and reflective practice in solving partial fraction and integration problems.

RESEARCH METHODS

This study examined how collaborative learning (CL) affected students' partial
fraction decomposition and integration comprehension. We accomplished this using
Python and manual problem-solving. Figure 1 provides an overview of the intervention,
highlighting how CL and Python (SymPy) were integrated to scaffold problem-solving on

partial fractions and integration.

Collaborative Learning (CL) Python (SymPy)
* Group Work EDZI * Computation
* Communication * Validation
* Reflection * Integration

Enhanced Problem-Solving on Partial Fractions and Integration
Outcomes: Participation, Teamwork, Conceptual Understanding

(Source: Created by the author)

Figure 1. Integration of Collaborative Learning (CL) and Python (SymPy) in Partial
Fractions and Integration

The methodological approach investigated how computer technologies to enhance
group cooperation could improve educational outcomes and interpersonal skills. We used
a qualitative approach to study how collaborative activities promote mathematical
comprehension and problem-solving. We assessed student involvement, teamwork, and

computing skills using observational data, reflective diaries, and group presentations. The
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study assessed students' abilities to use Python programming and manual computations
to solve real-world problems, as well as their ability to collaborate and communicate in
multiple groups. Thirty-two Srinakharinwirot University second-year mathematics
students in a basic mathematics course participated. We divided students into six groups
of five to six, intentionally mixing mathematics and programming proficiency to balance
strengths and promote peer learning. Brief diagnostics in partial fractions and basic
Python, combined with instructors” knowledge of prior performance, guided an equitable
distribution of expertise. Rosters were verified in the first session and adjusted as needed.
Group work was evaluated with an analytic rubric weighting communication, content
accuracy, and collaboration to ensure consistent scoring.

In the project, each group solved real-world problems to demonstrate the
application of partial fraction decomposition and integration. Example scenarios include
fluid dynamics, economic growth modelling, and motion analysis. Students worked
together to apply mathematical theories to real-world situations in these scenarios. These

are a few examples problems that are used in the group projects.

A company needs to analyze its revenue growth that changes over time. Suppose that the
revenue rate can be expressed by the rational function

1

M) =a5

where t represents time in years. Determine the total revenue growth of the company over

the first 2 years.
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(Source: Created by the author)
Figure 2. Manual Solution Demonstrates Fundamental Mathematical Skills Applied to
Solving Real-World Problems
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Figure 2. shows the manual process of solving a real-world problem using partial
fraction decomposition and integration, demonstrating essential mathematical skills and

conceptual understanding for applied fields.

Assume that the change in the interest rate in an economic system can be expressed by
a rational function

r+1

i(t)=5——
1* +5t+6
where 7 represents time in years. Calculate the accumulated investment value during the

time interval from # =1 to # =4 years using this interest rate.

(Source: Created by the author)
Figure 3. Economic Word Problems Assigned for Students to Work on in Groups

In an experiment of throwing a ball into the air, the trajectory of the ball can be represented
by the equation
x
=
x +4x+3
Find the area under the curve representing the motion of the ball from the initial position

at X =0 to the position at x =3.

(Source: Created by the author)
Figure 4. Physics Word Problems Assigned for Students to Work on in Groups

The research project used instructional materials, real-world situations, and
technology to aid learning. The instructional materials included step-by-step instructions
for partial fraction decomposition, tutorials on Python programming, and practical
examples of these principles. We assigned students activities such as calculating fluid
flow rates, analyzing economic patterns, and researching parabolic motion to help them
apply theoretical knowledge to real-world problems. Python and the SymPy library were
essential to this approach. It compared manual calculations with symbolic computing and
encouraged students to use both computational and traditional problem-solving
strategies. The combination of theory, computing, and cooperation created an engaging

and effective teaching experience.
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print("\n'leszuuaans: ")
sp.pprint(eq_t)
sp.pprint(eq_c)

sol = sp.solve((eq_t, eq c), (A, B))
A_val, B_val = sol[A], sol[B]

import sympy as s R
- ey P print(f"\né@au: A = {A val}, B = {B_val}")

sp.init_printing(use_unicode=True)
pf_manual = A_val/t + B_val/(t-1)
print("\nPartial fraction Wl (uuwvirdia):")
sp.pprint(pf_manual)

# ahedyaneaiuaziinal

t = sp.symbols('t’, real=True)

expr = 1/(t**2 - t) # = 1/(t(t-1))
# anvigneas (AIsld 0)

- S PN it a 5
print ("Wsrizufiazsuiinga: ") print("\nasaanannvhAududiwaitdy (srgqudulaingndas): )

sp.pprint(expr) . sp.pprint(sp.simplify(pf _manual - expr))
print("\n================= Zufl 1: Partial Fraction =================")
. . print(“\n================= Wl 2: Integration =================")

# --- 389 1: 1o apart (daTwif) ---

pf_auto = sp.apart(expr, t) # W1 antiderivative Viazwau

print("NanisusnlABAuEaNEIE apart: ™) F = sp.integrate(pf_manual, t)

sp.pprint(pf_auto) print("USWusliiAnwa (antiderivative):™)
sp.pprint(F)

# --- 38 2: vhwuuudrusannmdabifudusay ---

# Goaundgia: 1/(t(t-1)) = A/t + B/(t-1) # Suiinfadiimaeann t = -3 et = -1

A, B = sp.symbols('A B) a, b=-3, -1

eq = sp.Eq(1, A=(t-1) + B*t) # Amdastedma t(t-1) wdAaudulszans I_def - sp.integrate(expr, (t, a, b))

print("\nésaumswasamds t(t-1):") print(f"\ndudinfadrimimeain t = {a} A t = {b}:")

sp.pprint(eq) sp-pprint(I_def)

# nmiluaam3uwniiam uazenawiniy 1n(3/2)
T_simplified = sp.simplify(I_def)
print("\nsiluvyaanidussnduwaidos: ")
sp.pprint(I_simplified)

(Source: Created by the author)
Figure 5. Python (Sympy) Workflow Used by Students to Validate Manual Solutions:
apart() for Partial-Fraction Decomposition and Integrate() for Symbolic Integration.

# winydlszdniuae t wasAiasi
eq t = sp.Eq(A + B, 1)
eq_c = sp.Eq(-A, 1)

Procedures

We carried out the study over the course of four weeks, with weekly sessions
intended to encourage collaboration and contribute to the development of knowledge and
abilities. It was essential to maintain a consistent format during each session in order to
guarantee logical learning development.

1. An Introduction to the Session: The lecturer presented an overview of the
mathematical topics at the beginning of each session. Some examples of these
concepts included partial fraction decomposition and its function in the process
of calculating integrals. We utilized live demonstrations to showcase Python’s
pertinent functionalities, including the SymPy.apart() tool for decomposition and
the integrate() method for symbolic integration. These sessions underscored the
significance of the connection between mathematical theory and computing
practice.

2. Problem-Solving Through Collaboration: After the introductory session, the
students collaborated within their groups to resolve the assigned issues. Every
member of the group took on a distinct function, such as a coder, a problem
solver, a recorder, or a presenter, in order to guarantee that every individual that
participated made a contribution that was important to the job at hand. For
instance, one group examined fluid flow by rational function integration, while
another group modeled economic growth using partial fraction decomposition to
study cumulative interest rates. The same group carried out both of these

activities. These collaborative exercises encouraged students to share their
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thoughts, resolve any misunderstandings, and apply both manual and
computational methods to solve problems (Boye, 2019).

3. Presentation and Reflection: At the conclusion of each session, the groups
presented their solutions, providing an explanation of their methodology and
highlighting the integration of Python-based and manual procedures. Through
the use of presentations, students were able to clearly communicate their
reasoning, defend their ideas, and receive constructive comments from both their
classmates and the instructor. Additionally, groups participated in reflective
talks, documented their experiences, difficulties, and lessons gained in reflective
journals, and engaged in reflective discussions. These reflections presented a
qualitative perspective on how the collaborative process transformed the

participants” understanding and abilities.

Data Collection
We used a variety of data collection techniques to provide a comprehensive view
of the learning process and the outcomes it produced.

1. Reflective notebooks: Throughout the entirety of the activity, students kept
journals in which they documented their experiences, difficulties, and insights.
These entries provide qualitative information regarding the dynamics of both
individuals and groups, as well as the efficacy of combining manual and
computational methods.

2. Behavioral Observations: During the sessions in which the group was working
to solve problems, the teacher observed the interactions between the members of
the group and made comments on patterns of communication, role allocation,
and collaboration. The data collected through observations shed light on the
development of group dynamics, revealing how students resolved
disagreements, divided duties, and supported each other.

3. Group Presentations: We evaluated each group’s presentations based on a
variety of factors, such as the clarity and accuracy of their solutions, the
integration of manual and computational approaches, and the effectiveness of
their teamwork. Through their presentations, students showed how well they

understood and applied the principles to difficult problems.
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4. Instructor feedback:
The instructor gave feedback during and after presentations on solution
accuracy, approach coherence, and collaboration quality. The objective of this

feedback was to act as an assessment tool for both formative and summative use.

Data Analysis and Limitations

We conducted a thematic analysis of observation notes, reflective journals, and
presentation evidence using an inductive coding approach, allowing themes to emerge
directly from the data rather than being pre-determined by existing theoretical
frameworks. A single researcher carried out two independent code-recode rounds two
weeks apart (50 units; intra-coder agreement = 90%). Below are five sample analysis units,
drawn from a corpus of fifty units, illustrating the data source, unit wording, and
preliminary codes that guided our thematic analysis and code-recode procedure

Table 1. Sample Analysis Units, Data Sources, and Preliminary Codes (5 of 50)

# Analysis Unit Data Source Preliminary Codes
1 Team members took turns explaining the =~ Observation collaboration;
manual partial-fractions steps, then a computational support
peer used SymPy's “apart()" to check
correctness.
2 A quiet student increased participation Observation participation; role
after rotating into the coder role. rotation
3 “Seeing the output of “apart()’ helped me Reflective Conceptual
understand why we multiply by (t-1) to  journal understanding;
obtain an equivalent equation.” computational support
4 The group solved by hand first, then Presentation = Procedure clarity;
used “integrate()" to verify the computational support
antiderivative and evaluate the
expression.
5 We stalled while debugging because the  Reflective challenge;
variable t was not declared with journal computational support
real=True.

An audit trail documented codebook revisions and analytic decisions. Triangulation
across data sources and reflexive memos were used to enhance trustworthiness. Major
subjects in the reflective diary included improving teamwork, integrating computational
tools like Python, and understanding math. Behavioral observations explained group
dynamics, role distribution, and communication changes throughout the activity
(Moreland & Levine, 2014). These observations showed the students had adjusted to the
collaborative framework. We evaluated group presentations during problem-solving
based on how well they connected with mathematical concepts, presented solutions

accurately, and collaborated. These qualitative evaluations showed how CL affected
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individual and group learning (Johnson & Johnson, 2015). They showed the many benefits
of integrating collaborative problem-solving with computational methodologies. Future
research should address the flaws in the study, even though it confirmed the benefits of
CL. Without quantitative indicators like pre- and post-tests, academic performance
changes were difficult to measure (Faniyi, 2023). Students’ Python and mathematics
knowledge varied which could affect results. Using more evaluation methodologies and
intense computational skill training in later research could help examine learning
outcomes more thoroughly (Smirnova et al., 2018). Our research showed CL can
revolutionize teaching because it promotes active participation, structured cooperation,
and reflective practices. This integration of manual and computer methods gave students
the skills to solve complicated, interdisciplinary problems and created a model for

creative mathematics training (Kynigos & Diamantidis, 2022).

Ethical Considerations

Participants were informed of the study’s aims, procedures, and their right to
withdraw at any time. Written consent was obtained before participation. All data,
including journals and observations, were kept confidential and used only for academic
purposes. Identities remained anonymous, and no personal information appeared in

reports or publications.

RESULTS AND DISCUSSION

Collaborative learning (CL) enhances conceptual understanding and problem-
solving in mathematics, especially in partial fraction decomposition. Group performance
was evaluated by accuracy, teamwork, and use of Python tools. Higher-scoring groups
showed stronger collaboration and communication, while others struggled due to limited
prior knowledge. These results emphasize balanced skills in collaborative settings.
Variations in prior knowledge affected consistency, suggesting future research should
include targeted support. Given the qualitative design, findings reveal patterns of
improved participation, teamwork, and conceptual linkage. Students applied both Python

and manual methods to simulate economic growth, fluid flow, and interest rates.
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Table 2. Group Evaluation Scores Highlight the Link Between Collaboration
Efficiency and Computational Accuracy

Evaluation Evaluation Guidelines G.1 G2 G.3 G.4 G.5 G.6
Criteria
1. Accuracy of Were the results correct and 5 5 5 5 5 5
Results consistent when validated with
Python?

2. Steps in Manual ~Were the steps logical and did they 5 5 5 5 5 5
Problem-Solving  align with the expected outcomes?

3. Python Were the Python coding steps 5 4 5 5 5 4
Programming appropriate and aligned with the
Steps problem requirements?
4. Comparison of =~ Was there a clear comparison 5 5 5 5 5 5
Results between manually derived results

and Python outputs in terms of

accuracy?
5. Team Did all team members participate 5 4 5 5 5 4
Collaboration effectively, and did their teamwork

demonstrate efficiency?
6. Reflection and Did the group provide constructive 5 4 5 5 5 5
Suggestions feedback and propose useful

improvements for the future?
Total Scores 30 27 30 30 30 28

Note. Scale: 0 = not met; 1-2 = partially met; 3-4 = minor errors; 5 = fully met and accurate

The scoring rubric was as follows: 0 for unmet criteria, 1-2 for partially completed
tasks with errors, 3-4 for mostly correct work with minor issues, and 5 for fully accurate
completion. Table 2 shows effective cooperative problem-solving, with most groups
earning high scores. Groups 1, 3, 4, and 5 achieved perfect scores by integrating Python
and manual methods through strong teamwork and logical reasoning. Groups 2 and 6
scored slightly lower due to minor coding and communication issues. These results
highlight how collaborative learning (CL) strengthens mathematical understanding and
computational skills. Teams that communicated well and used Python effectively
performed better (Serce et al., 2010). More Python training and clearer role distribution
could further enhance group performance and future applications.

To promote active participation, students were assigned CL roles such as problem
solver, coder, recorder, and presenter. This structure clarified responsibilities and
strengthened teamwork. Group discussions helped resolve misunderstandings through
debate and strategy sharing (Wayesa, 2020). Presentations and reflection activities

assessed learning outcomes and group performance.
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Table 3. Evaluation Criteria and Scores

Evaluation Criteria Evaluation Guidelines G.1 G.2 G3 G4 G5 G.6
1.Communication  Utilized clear, concise language 5 4 5 5 5 5
Skills to deliver information and

effectively captured the
audience’s attention.
2. Content Clarity Presented accurate, complete 5 5 5 5 5 4
information in a well-
organized and logical manner.

3. Question Answered questions with 5 4 5 5 5 4
Responses accuracy, logical reasoning,

and confidence.
Total Score 15 13 15 15 15 13

Note. Scale: 0 = not met; 1-2 = partially met; 3-4 = minor errors; 5 = fully met and accurate

The scoring was defined as: 5 for excellent, 4 for good, 3 for satisfactory, 2 for needs
improvement, and 1 for major development required. Table 3 presents the evaluation
results of six groups based on communication, topic clarity, and inquiry responses.
Groups 1, 3, 4, and 5 earned perfect scores of 15, demonstrating clear communication and
confident, well-organized answers. Groups 2 and 6 scored slightly lower (13) due to
unclear delivery, limited confidence, and minor organizational errors. These issues
affected their ability to handle audience questions effectively. Overall, the results indicate
that strong communication, structured content, and teamwork contribute to high
performance (Akilandeswari et al, 2015). Groups 2 and 6 may improve through
additional coaching and feedback.

Each group demonstrated their problem-solving process, integrating Python-based
and manual calculations. Evaluation covered communication, topic clarity, and responses
to questions. Communication was judged by delivery effectiveness, content by accuracy
and logic, and question responses by precision, confidence, and attentiveness.

This assessment approach highlighted students’” comprehension and problem-
solving skills. Along with presentations, they practiced reflection to evaluate their
experiences and teamwork. Through self-assessment, students reviewed  their
contributions, deepened task understanding, and proposed ways to improve group
performance. Combined reflection and assessment fostered both individual and group
development through active participation.

Integrating manual problem-solving with Python validation enhanced theoretical
understanding (Landau et al., 2024). Students used SymPy.apart() and SymPy.integrate()
to verify manual work, identify errors, and explore complex cases efficiently. This

iterative verification process linked theory with practice and demonstrated the strengths
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of both traditional and computational methods. The collaborative approach further
developed teamwork and communication, though early challenges included unclear roles
and uneven participation (Martinez-Venegas, 2022).

Reflective practices were used to address these challenges, encouraging students to
evaluate group performance and adjust strategies. This process improved communication,
delegation, and use of peer strengths (Biktagirova & Kasimova, 2017). Discussions
comparing manual and Python results enhanced critical thinking and problem-solving.
Diverse mathematical and programming abilities allowed mutual learning, as students
shared expertise in both computation and theory (Muller et al., 2019; Adigun et al., 2021).
Reflection fostered appreciation for collaboration (O'Reilly, 2021), and teamwork made
complex concepts clearer and more engaging for learners (Rudawska, 2017).

Beyond academic gains, the activity emphasized technology’s role in solving
mathematical problems. Python aided not only in verifying manual work but also in
exploring alternative solutions. It enabled modelling of interest rate changes and
visualization in fluid dynamics, deepening conceptual understanding (Gorjao et al., 2022).
Despite initial hesitation, peer collaboration and guided tutorials helped students engage
with Python effectively (Goswami et al., 2023; Nagar, 2017). This experience improved
their confidence, problem-solving accuracy, and appreciation of technology’s value in
modern mathematics education (Kumar & Mohd, 2024).

Reflection helped students overcome challenges and deepen learning (Joglar &
Rojas, 2019). Reflective diaries captured insights, progress, and areas for improvement,
revealing greater awareness of role distribution, communication, and mutual support.
Regular reflection and dialogue reduced misunderstandings and enhanced group
cohesion (Kazeni & McNaught, 2020). Teachers observed improved collaboration through
active listening, compromise, and consensus-building (Ugurlu & Semin, 2020). Students
became proactive problem-solvers, increasing group efficiency and confidence when
presenting and defending their ideas (Jahara & Daulay, 2023).

Despite its success, the activity revealed areas for improvement. Many students
initially struggled to shift from manual computation to Python, causing confusion
between both methods. Future sessions should include early Python training to build
confidence and consistency. While collaboration enhanced group dynamics, additional
guidance on communication and role clarity remains needed. Templates for task
delegation and conflict resolution could strengthen teamwork (Perez & Bresciani, 2015).

Aligning real-world contexts with students’ prior knowledge may further boost
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motivation. Overall, integrating Python with collaborative learning proved
comprehensive and effective. The activity bridged theory and practice, enhancing
students” confidence and competence (Kharitonenko, 2022). Combining manual and
computational methods improved understanding, while collaboration promoted
teamwork and communication (Flynn et al., 2023). Reflection encouraged students to
overcome challenges and adopt a growth mindset (Xhaferi & Xhaferi, 2017). Overall, the
study highlights the value of innovative math instruction and offers guidance for creating

dynamic, future-oriented learning environments.

CONCLUSION

This study shows that integrating collaborative learning (CL) with Python
enhanced students’ problem-solving, comprehension, and teamwork. Combining
computational tools with CL deepened understanding of concepts such as partial fraction
decomposition and integration. The approach also strengthened communication and
collaboration essential for real-world problem-solving. Applying this model in economics
or physics could enrich theoretical learning and support interdisciplinary teaching.
Limitations include a small, single-year sample and varied Python proficiency. Future
research should involve broader, more diverse groups. Overall, CL and Python offer a
framework combining collaboration, reflection, and computation that empowers

educators to create inclusive and effective learning experiences.
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